Associators
We recall the definition of associators [Dr] and explain our main results in [F10a, F11] which are on the defining equations of associators.
Let us fix notations: Let k be a field of characteristic 0 andk its algebraic closure. Denote by U F 2 = k X 0 , X 1 a non-commutative formal power series ring, a universal enveloping algebra of the completed free Lie algebra F 2 with two variables X 0 and X 1 . Its element ϕ = ϕ(X 0 , X 1 ) is called group-like 1 if it satisfies
(1) ∆(ϕ) = ϕ ⊗ ϕ and ϕ(0, 0) = 1 with ∆(X 0 ) = X 0 ⊗ 1 + 1 ⊗ X 0 and ∆(X 1 ) = X 1 ⊗ 1 + 1 ⊗ X 1 . For any k-algebra homomorphism ι : U F 2 → S, the image ι(ϕ) ∈ S is denoted by ϕ(ι(X 0 ), ι(X 1 )).
Definition 1 ( [Dr] ). A pair (µ, ϕ) with a non-zero element µ in k and a grouplike series ϕ = ϕ(X 0 , X 1 ) ∈ U F 2 is called an associator if it satisfies one pentagon equation in U a 4
(2) ϕ(t 12 , t 23 + t 24 )ϕ(t 13 + t 23 , t 34 ) = ϕ(t 23 , t 34 )ϕ(t 12 + t 13 , t 24 + t 34 )ϕ(t 12 , t 23 )
and two hexagon equations in U a 3 (3) exp{ µ(t 13 + t 23 ) 2 } = ϕ(t 13 , t 12 ) exp{ µt 13 2 }ϕ(t 13 , t 23 ) −1 exp{ µt 23 2 }ϕ(t 12 , t 23 ), Here U a 3 (resp. U a 4 ) means the universal enveloping algebra of the completed pure braid Lie algebra a 3 (resp. a 4 ) over k with 3 (resp. 4) strings, generated by t ij (1 i, j 3 (resp. 4)) with defining relations
Remark 2. (i). Drinfeld [Dr] proved that such a pair always exists for any filed k of characteristic 0.
(ii). The equations (2)∼(4) reflect the three axioms of braided monoidal categories [JS] . We note that for any k-linear infinitesimal tensor category C each associator gives a structure of braided monoidal category on C [[h] ] (cf. [C, Dr] ). Here C[[h] ] means the category whose set of objects is equal to that of C and whose set of morphism M or
1 It is equivalent to ϕ ∈ exp F 2 .
(iii). Associators are essential for construction of quasi-triangular quasi-Hopf quantized universal enveloping algebras [Dr] .
(iv). Le and Murakami [LMa] and Bar-Natan [Ba97] gave a reconstruction of universal Vassiliev knot invariant (Kontsevich invariant [K, Ba95] ) in a combinatorial way by using associators.
Our first result is the implication of two hexagon equations from one pentagon equation.
Theorem 3 ([F10a]
). Let ϕ = ϕ(X 0 , X 1 ) be a group-like element of U F 2 . Suppose that ϕ satisfies the pentagon equation (2). Then there exists µ ∈k (unique up to signature) such that the pair (µ, ϕ) satisfies two hexagon equations (3) and (4).
Recently several different proofs of the above theorem were obtained (see [AT, BaD, W] ).
One of the nice examples of associators is the Drinfeld associator below.
where G 0 and G 1 are the solutions of the formal KZ (Knizhnik-Zamolodchikov) equation, the following differential equation over C\{0, 1} with [Dr] ). It is shown in [Dr] that the pair (2π √ −1, Φ KZ ) forms an associator for k = C. Namely Φ KZ satisfies (1)∼(4) with µ = 2π √ −1.
Remark 5. (i). The Drinfeld associator is expressed as follows:
Here ζ(k 1 , · · · , k m ) is the multiple zeta value (MZV in short), the real number defined by the following power series
) with k m > 1 (its convergent condition). All the coefficients of Φ KZ including its regularized terms are explicitly calculated in terms of MZV's in [F03] proposition 3.2.3 by Le-Murakami's method in [LMb] .
(ii). Since MZV's are coefficients of Φ KZ , the equations (1)∼(4) for (µ, ϕ) = (2π √ −1, Φ KZ ) yield algebraic relations among them, which are called associator relations. It is expected that the associator relations might produce all algebraic relations among MZV's.
Various relations among MZV's have been found and studied so far. The regularised double shuffle relations which were initially introduced by Zagier and Ecalle in early 90's might be one of the most fascinating ones. To state them let us fix no-
. . be the k-linear map between non-commutative formal power series rings that sends all the words ending in X 0 to zero and the word X nm−1 0
word' means a monic monomial element or 1 in U F 2 ), put
The regularised double shuffle relations for a group-like series ϕ ∈ U F 2 mean (6) ∆ * (ϕ * ) = ϕ * ⊗ϕ * .
Remark 6. The regularised double shuffle relations for MZV's mean the algebraic relations among them obtained from (1) and (6) for ϕ = Φ KZ (cf. [IKZ, R] ). It is also expected that the relations might produce all algebraic relations among MZV's.
The following is the simplest example of the relations.
Our second result here is the implication of the regularised double shuffle relations from the pentagon equation.
Theorem 8 ([F11]
). Let ϕ = ϕ(X 0 , X 1 ) be a group-like element of U F 2 . Suppose that ϕ satisfies the pentagon equation (2). Then it also satisfies the regularised double shuffle relations (6).
This result attains the final goal of the project posed by Deligne-Terasoma [T] . Their idea is to use some convolutions of perverse sheaves, whereas our proof is to use Chen's bar construction calculus.
Remark 9. Our theorem 8 was extended cyclotomically in [F10b] .
The following Zagier's relation which is essential for Brown's proof of theorem 14 might be also one of the most fascinating ones. The author does not know if it also follows from our pentagon equation (2). 
Four Groups
We explain recent developments on the four pro-unipotent algebraic groups related to associators; the motivic Galois group, the Grothendieck-Teichmüller group, the double shuffle group and the Kashiwara-Vergne group.
2.1. Motivic Galois group. We review on the motivic Galois group, the tannakian dual group of the category of unramified mixed Tate motives.
We work in the triangulated category DM (Q) Q of mixed motives 2 over Q constructed by Hanamura, Levine and Voevodsky. Tate motives Q(n) (n ∈ Z) are (Tate) objects of the category. Let DM T (Q) Q be the triangulated sub-category of DM (Q) Q generated by Tate motives Q(n) (n ∈ Z). By the work of Levine a neutral tannakian Q-category M T (Q) = M T (Q) Q of mixed Tate motives over Q is extracted by taking a heart with respect to a t-structure of DM T (Q) Q . Deligne and Goncharov [DeG] introduced the full subcategory M T (Z) = M T (Z) Q of unramified mixed Tate motives inside. All objects there are mixed Tate motives M (i.e. an object of M T (Q)) such that for each subquotient E of M which is an extension of Q(n) by Q(n + 1) for n ∈ Z, the extension class of E in
In the category M T (Z) of unramified mixed Tate motives, the followings hold:
The category M T (Z) forms a neutral tannakian Q-category with the fiber functor ω can : M T (Z) → V ect Q (V ect Q : the category of Q-vector spaces) sending each motive M to ⊕ n Hom(Q(n), Gr W −2n M ). Definition 11. The motivic Galois group here is defined to be the pro-Q-algebraic group Gal
By tannakian category theory, ω can induces an equivalence of categories
where RHS means the category of finite dimensional Q-vector spaces with Gal M (Z)-action.
Remark 12. The action of Gal
There is a canonical splitting τ : G m → Gal M (Z) which gives a negative grading on its associated Lie algebra LieGal M (Z) 1 . From (7) and (8) it follows that the Lie algebra is the graded free Lie algebra generated by one element in each degree −3, −5, −7, . . . . (consult [De] §8 for the full story).
The motivic fundamental group π M 1 (P 1 \{0, 1, ∞} : − → 01) constructed in [DeG] §4 is a (pro-)object of M T (Z). By our tannakian equivalence (9), it gives a (pro-)object of RHS of (9), which induces a (graded) action
Remark 13. For each σ ∈ Gal M (Z) 1 (k), its action on exp F 2 is described by e X0 → e X0 and e X1 → ϕ −1 σ e X1 ϕ σ for some ϕ σ ∈ exp F 2 .
The following has been conjectured (Deligne-Ihara conjecture) for a long time and finally proved by Brown by using Zagier's relation (Theorem 10).
Theorem 14 ( [Br] ). The map Ψ is injective.
It is a unipotent analogue of the so-called Belyȋ's theorem. The theorem says that all unramified mixed Tate motives are associated with MZV's.
2.2. Grothendieck-Teichmüller group. The Grothendieck-Teichmüller group was introduced by Drinfeld [Dr] in his study of deformations of quasi-triangular quasi-Hopf quantized universal enveloping algebras. It was defined to be the set of 'degenerated' associators. The construction of the group was also stimulated by the previous idea of Grothendieck, un jeu de Teichmüller-Lego, posed in his article Esquisse d'un programme [G] .
Definition 15 ( [Dr] ). The Grothendieck-Teichmüller group GRT 1 is defined to be the pro-algebraic variety whose set of k-valued points consists of group-like series ϕ ∈ U F 2 satisfying the defining equations (2)∼(4) of associators with µ = 0.
Remark 16. (i). By our theorem 3, it is reformulated to be the set of group-like series satisfying (2) without quadratic terms.
(ii). It forms a group [Dr] by the multiplication below
. By the map sending X 0 → X 0 and X 1 → ϕ −1 X 1 ϕ, the group GRT 1 is regarded as a subgroup of Aut exp F 2 .
(iii). The cyclotomic analogues of associators and the Grothendieck-Teichmüller group were introduced by Enriquez [E] . Some elimination results on their defining equations in special case were obtained in [EF] .
It is also shown that ImΨ is contained in DM R 0 (cf.[F07])). Actually it is expected that they are isomorphic. Theorem 8 follows the inclusion between GRT 1 and DM R 0 :
It is also expected that they are isomorphic.
Remark 22. (i). The Drinfeld associator Φ KZ satisfies the regularised double shuffle relations (cf. remark 6) but it is not an element of the double shuffle group, i.e. Φ KZ ∈ DM R 0 (C), because its quadratic terms are non-zero, actually ζ(2)X 1 X 0 − ζ(2)X 0 X 1 .
(ii). The p-adic Drinfeld associator Φ p KZ satisfies the regularised double shuffle relations (cf. [BeF, FJ] ) and it is an element of the double shuffle group, i.e. Φ p KZ ∈ DM R 0 (Q p ), which also follows from remark 18.(ii) and proposition 21. 2.4. Kashiwara-Vergne group. In [KV] Kashiwara and Vergne proposed a conjecture relating on Campbell-Baker-Hausdorff series which generalises Duflo's theorem (Duflo isomorphism) to some extent. The conjecture was settled generally by Alekseev and Meinrenken [AM] . The Kashiwara-Vergne group was introduced as a 'degeneration' of the set of solution of the conjecture by Alekseev and Torossian in [AT] , where they gave another proof of the conjecture by using associators.
The following is one of formulations of the conjecture stated in [AET] . Generalized Kashiwara-Vergne problem: Find a group automorphism P : exp F 2 → exp F 2 such that P belongs to T Aut exp F 2 (that is,
for some p 1 , p 2 ∈ exp F 2 ) and P satisfies
and the coboundary Jacobian condition
Here J stands for the Jacobian cocycle J : T Aut exp F 2 → tr 2 and δ means the differential map δ : tr n → tr n+1 for n = 1, 2, . . . (for their precise definitions see [AT] ). We note that P is uniquely determined by the pair (p 1 , p 2 ).
The following is essential for the proof of the conjecture.
Proposition 23 ( [AT, AET] ). Let (µ, ϕ) be an associator. Then the pair
with X ∞ = −X 0 − X 1 gives a solution to the above problem.
The Kashiwara-Vergne group is defined to be the set of solutions of the problem with 'degeneration condition' ('the condition of µ = 0'):
Definition 24 ( [AT, AET] ). The Kashiwara-Vergne group KRV is defined to be the set of P ∈ Aut exp F 2 which satisfies P ∈ T Aut exp F 2 , P (e (X0+X1) ) = e ) and the coboundary Jacobian condition δ • J(P ) = 0.
It forms a subgroup of Aut exp F 2 . We denote by KRV 0 the subgroup of KRV consisting of P without linear terms in both p 1 and p 2 . Proposition 23 yields the inclusion below.
Proposition 25. GRT 1 ⊂ KRV 0 .
Actually it is expected that they are isomorphic (cf. [AT] Here we come to an interesting question on our four groups.
Question 28. Are they all equal? Namely,
Though it might be not so good mathematically to believe such equalities without a strong conceptual support, the author thinks that it might be good at least spiritually to imagine/expect a hidden theory to relate them behind.
